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Elliptic Instability of Counter-Rotating Vortices:
Experiment and Direct Numerical Simulation
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The short-wavelength elliptic instability of a pair of closely spaced counter-rotating vortices is analyzed using
water tank experiments and direct numerical simulations.Qualitativeand quantitativecomparison shows excellent
agreement and validates each of these complementary approaches. Both sets of results are used to give a detailed
description of the instability characteristics. In the initial phase, the vortices are subject to a three-dimensional
perturbation of their internal structure, with a wavelength scaling on the vortex core size and a distinct phase
relationship between the two vortices. In the nonlinear evolution of the � ow, the growth of the perturbations
leads to the generation of secondary vortices and the breakdown of the initial pair into small-scale turbulence,
accompanied by a rapid decrease of the average circulation. The growth rate of the instability is found to be higher
than the one of the well-known Crow instability.The interaction between both mechanisms is also investigated, and
an even faster decay of circulation is observed than for the cases where each instability acts alone. The relevance
of these results for realistic aircraft trailing wakes is discussed.

Nomenclature
a = vortex core radius
a=b = initial dimensionlesscore size, ´ a0=b0

b = vortex separation distance
d = diameter of invariant surface (tube)
E = initial kinetic energy
h = local direct numerical simulation grid spacing
k = wave number of the instability, ´ 2¼=¸
Re = Reynolds number, ´ 00=º
r = ratio Eke =Ekc

rmax = radius of maximum swirl velocity, ¼1:12a
r , Á = radial and azimuthal coordinates of one vortex
t = time
v = velocity
x; y; z = horizontal, vertical, and axial coordinates
0 = circulation of each vortex
¸ = wavelength of the elliptic instability
º = kinematic viscosity
¾ = growth rate
! = vorticity

Subscripts

c = related to the Crow5 mode
e = related to the elliptic mode
h = related to the local mesh
k = related to the Fourier mode with wave number k
max = maximum
x; y; z = horizontal, vertical, axial
Á = azimuthal
0 = initial
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Superscripts

(linear) = related to the start of exponentialgrowth
(onset) = related to the start of growth of the elliptic mode
S = related to invariant streamline tube
V = related to invariant vorticity tube
* = nondimensionalizedusing the time 2¼b2

0= 00

I. Introduction

T HE dynamics of aircraft trailing wakes, whose large-scale
structureconsistsmainly of two counter-rotatingvortices,have

been actively investigated since the early 1970s, when it became
clear that the strong vortices behind heavy aircraft represent a po-
tential hazard to others following behind due to the rolling moment
and downwash they induce. This is particularly dangerous near the
ground,and todaywake vortexbehavioris the principalfactordeter-
mining the minimum separation distances for takeoff and landing,
thus limiting airport capacities. With the increase of air traf� c and
the advent of new very large transport aircraft in the near future,
the problem of understanding, predicting, and eventually control-
ling aircraft trailing wakes has received new interest in recent years
and has triggered a surge of activity on both sides of the Atlantic,
as witnessed in several recent reviews.1¡4

The characteristics of wake vortices behind real aircraft depend
on the weight and speed of the latter, as well as on the details of
the wing geometry. Their dynamics, and especially their lifetime,
are in� uenced by a number of factors, including the distribution of
vorticity, axial � ow and turbulence in the vortex cores, the ratio of
core size to vortex spacing, the characteristics of the surrounding
� uid (turbulence intensity, shear), and the proximity of the ground.
The interaction of all of these ingredients lead to very diverse and
complicated scenarios, and the understanding of all of the aspects
involved in wake vortex decay is still far from complete.

A necessary step toward a better understandingand the � nal goal
of controlling this complicated � ow is an analysis of the physical
mechanismsthat are acting (or that are possible)in this situation.An
important subset of these mechanisms, directly relevant to the de-
cay of the wake, are three-dimensionalinstabilitiesof a vortex pair.
The most effective way to study these phenomena is to consider
simpli� ed con� gurations that can be analyzed in great detail and
that are also more readily accessible to a theoretical treatment. This
is the strategy adopted in the present work. Once these fundamen-
tal phenomena are fully understood, their relevance and potential
usefulness for the applied problem of aircraft wakes, where many

2483



2484 LAPORTE AND LEWEKE

differentmechanismsact together,canbe addressedwith muchmore
con� dence in a subsequent step.

Crow5 was the � rst to study the stability of two counter-rotating
vortices. These were modeled by a pair of parallel line vortices of
equal and opposite circulation,which is the simplest possible repre-
sentationof an aircraft wake. He found that the pair was unstable to
wavy perturbationsof the vortexaxes, which are symmetric with re-
spect to thecentralplaneof the pair and whose axialwavelengthsare
typically5–10 times the initialvortexspacing.This long-wavelength
three-dimensionalinstabilityhas subsequentlybeen observed in nu-
merous laboratory experiments6¡10 and � eld studies,11¡13 and it is
still consideredone of the most promisingmeans for the destruction
of aircraft trailing wakes.

Crow’s5 analysis also identi� ed two modes of short-wavelength
instability (symmetric and antisymmetric), with wavelengths
smaller than one vortex spacing. However, Widnall et al.14 pointed
out that these modes are spurious because the assumptions for
Crow’s5 theory are no longer valid at these wavelengths. They
proposed a different mode of short-wave instability, associated
with a change of the internal structure of the vortex cores. For
this purpose, a slightly more complicated model for the trailing
wake had to be considered, consisting of two inviscid Rankine-
type vortices, with (almost) circular cores of constant vorticity,
both subject to an external strain due to the presence of the other
vortex. Subsequent stability analyses15¡17 con� rmed the existence
of short-wave instability in such strained vortices with � nite size
cores.

The strain that each vortex induces at the location of the other
one results in a � ow with locally elliptic streamlines near the vor-
tex centers. Theoretical studies18¡22 have shown that such elliptical
� ow in an unbound domain is three-dimensionally unstable. The
mechanism of instability is the ampli� cation of inertial waves in the
frame of reference moving with the rotating � ow, through a reso-
nant interactionwith the external strain. For the case of an elliptical
� ow of � nite extent, as, for example, in a strained vortex core, the
unstableperturbationsare identical to the ones predictedby Widnall
et al.14 and others for Rankine vortices. The two sets of theoretical
results can, indeed, be directly related to each other.23;24 (See also
the recent review on elliptical instability by Kerswell.25)

The presentpaperdealswith this elliptic instabilityin thecase of a
� ow consistingof two laminar vortices that are initially parallel and
uniform along their axes and that do not contain axial � ow in their
cores. The � ow is studied experimentally and numerically, using
the Navier–Stokes equations, which means that viscous effects are
included and that the vortices have a smooth vorticity distribution.
This con� guration is a slightly more realistic representation of the
core structure of aircraft trailing vortices than the inviscid Rankine
vortex pair consideredby Widnall et al.14 Although still an oversim-
pli� cation, it contains the major ingredientsof the “real” � ow, and it
allows a precise and detailed analysis of the elliptic instability.The
main differences with realistic aircraft wake vortex pairs concern
the Reynolds number and the rescaledcore size; their relevancewill
be discussed in detail near the end of the paper. Theoretical stability
analyses relevant to this � ow problem were carried out recently by
Eloy and Le Dizès26 for a single Lamb–Oseen vortex in an external
strain and by Billant et al.24 for a Lamb dipole.

The results presented here come from two separate studies de-
scribed in more detail in Refs. 23 and 27. The experimental study
by Leweke and Williamson23 was the � rst to identify and character-
ize the elliptic instability in a counter-rotating vortex pair clearly,
although some observations of similar phenomena were reported
earlier,28;29 but without detailed analysis. The more recent direct
numerical simulation by Laporte and Corjon27 allowed a more thor-
oughquantitativetreatment,as well as a clari� cationof the in� uence
of the initial conditions on the later stages of the instability, in par-
ticularon its interactionwith the long-wavelengthCrow5 instability.
Other simulations30 of a vortex pair had already captured some as-
pects of the elliptic instability, but the initial conditionswere some-
what unrealistic, and comparisons with experiment and/or theory
were limited.

In the following, we present a close comparison between the
results from the experimental study23 and the direct numerical

simulation27 of the elliptic instability of a vortex pair, including
previously unpublished material. The laminar vortex pair is a rare
example of a � ow that is accessible to both methods, and the � ow
parametersin bothstudieswere chosen to be veryclose.The purpose
of this comparison is twofold: 1) to provide an additional mutual
validation of these two complementary approaches and 2) to give a
thorough description of an intrinsic feature of the vortex pair � ow,
that is, the short-wave instability of the vortex cores, whose clear
observation is still fairly recent.

Section II de� nes the relevant parameters governing the vortex
pair � ow under considerationand gives details of the experimental
and numerical methods. In Sec. III, the elliptic instability is pre-
sented, showing its onset, spatial structure, wavelength and growth
rate, nonlinear late stage, and the subsequentbreakdownof the � ow.
Section IV deals with the interaction between the short-wave insta-
bilityand the long-waveCrow5 instability,and the in� uenceof initial
conditionsis discussedthere.Comments on the relevanceto real air-
craft wakes are given in Sec. V, followed by a Summary in Sec. VI.

II. Technical Details
A. Vortex Pair Flow

We consider a pair of viscous laminar vortices of equal and op-
posite circulation that are initially straight, parallel, uniform along
their axes, and without axial � ow in their cores. The vortices trans-
late throughmutual induction in the direction perpendicularto their
axes and to the line joining the two centers. Such a pair is char-
acterized by the circulation 0 of each vortex and the separation b
between the vortex centers. In addition, the internal structure can
be described by a characteristic core size a, which is the radius of
the tube around the vortex center containing most of the vorticity.
Experimental velocity measurements (see Ref. 23 for details) have
shown that the initial � ow can be approximated remarkably well
by a superposition of two Oseen (or Lamb–Oseen) vortices (see
also Ref. 27 for the assessment of this initial condition), that is,
axisymmetric two-dimensional vortices with a Gaussian vorticity
distribution, for which the azimuthal velocity vÁ as function of the
distance r from the vortex center is given by

vÁ .r/ D .0=2¼r/f1 ¡ exp[¡.r 2=a2/]g (1)

The characteristiclengtha is linked to the locationrmax of maximum
circumferential velocity by rmax ¼ 1:12a.

In the following, Cartesian coordinates x; y, and z are used, des-
ignating the (horizontal)direction of the line joining the two vortex
centers, the (vertical) direction of displacement of the pair, and the
axial direction, respectively. The nondimensional parameters gov-
erning the � ow are the Reynolds number Re based on the initial
vortex circulation, and the initial dimensionless core size a0=b0.
Here, initial means immediately after the vortex formation in the
experiments and at the end of the adaptation process in the nu-
merical simulations. (See following sections.) For convenience, the
subscript0 will be dropped when designatingthe initial dimension-
less core size (a=b D a0=b0). Time t is also an important parameter
in this evolving � ow. It is nondimensionalizedby the time it takes a
pair of idealizedpoint vorticesof the same circulation,moving with
a self-induced velocity 00=2¼b0, to travel one vortex separation
b0:t¤ D t ¢ 00=2¼b2

0 .

B. Experimental Techniques
For the experimental study, the � ow was investigated in

a rectangular water container with glass walls, measuring
180£ 45 £ 60 cm3. Horizontal vortex pairs were generated near
the water surface using two anodized aluminum plates hinged to
a common base, whose free edges were machined to an angle of
30 deg. They could be moved in a symmetric way by a computer-
controlled step motor located outside the water and linked to the
plates by a system of gears and joints. When the � aps were im-
pulsively closed, a pair of starting vortices was created at the sharp
edges,which then continuedto move down toward the bottomof the
tank. The vortices were typically separated by a distance of 2.5 cm,
and their length was approximately 170 cm. This high aspect ratio
of the vortex pair was necessary to limit the in� uence of end effects
that spread rapidly into the central part of the � ow.
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The � ow was visualizedusing � uorescentdye,which was painted
on the inside of the plates close to the sharp edges before the
introduction of the whole apparatus into the water. Illumination
was achieved with the light from a 5-W argon laser. Images were
recorded on standard video tape using a charge-coupled device
(CCD) camera, or on 35-mm color � lm. Quantitativemeasurements
of velocity � elds were obtained by digital particle image velocime-
try (DPIV). For this method, the � ow was seeded with small plastic
particles of diameter 70 ¹m and density 1.03 g/cm¡3 , illuminated
by a sheet of laser light of 3–5-mm thickness. The time that the
slightly heavy particles needed to settle down was far longer than
the time for the � uid motion to die out after stirring the tank, leav-
ing a suf� cient time interval for the measurements. Sequences of
images (624£ 476 pixels gray scale) of the time-dependent � ow
were recorded on standard VHS video, again using a CCD cam-
era. Fluid velocities were calculated from particle displacements
obtained by two-step cross correlations (with window shifting) be-
tween successive half-frames of one image ( 1

60 -s separation). The
DPIV measurements showed that the initial velocity pro� les of the
vortices are very well represented by the one of a Lamb–Oseen
vortex with a Gaussian vorticity distribution given by Eq. (1). The
initial vortex pair characteristics were determined shortly after the
end of the vortex formation, that is, the end of the plate motion.
They were found by a least-squares � t of the measured velocity
� eld to a superpositionof two Gaussian vortices with 00, b0 , and a0

as adjustable parameters. The core size a increases in time due to
the viscous diffusion of vorticity.However, this growth is relatively
slow compared to the growth of the instabilities and was not con-
sidered further in the experimental study. Figures 1a and 1c show a
visualizationof the � ow at this stage. The pair is perfectly uniform,
and no noticeable three-dimensionalperturbation can be detected.

In the experimentalstudy, the Reynolds number varied in a range
between 2:4 £ 103 and 2:8 £ 103. The initial core radius, after the

a) Experimental front view

b) DNS front view

c) Experimental cross cut d) DNS cross cut

Fig. 1 Initial conditions: a) and c) experimental dye visualization for
Re = 2.75££ 103, a/b = 0.2, and t¤ = 1.7; b)DNS contours of axialvorticity
!z in an x–z plane and d) an x–y plane for Re = 2.4 ££ 103, a/b = 0.25, and
t¤ = 3.1.

end of the vortex formation, was typically close to one-� fth of the
vortex spacing, a=b ¼ 0:2.

Other measurements concerning the spatial structure and the
growth rate of the instability were obtained from image analysis
of � ow visualizations recorded on video or photographic � lm. A
more detailed description of the experimental setup and methods,
especially the DPIV measurements, as well as an analysis of the
measurement errors leading to the uncertaintiesgiven in the follow-
ing sections, can be found in Ref. 23.

C. Numerical Method
The code used to perform the direct numericalsimulations(DNS)

of the vortex pair is a � nite difference, parallel, three-dimensional,
compressibleNavier–Stokes solver (NTMIX3D), developed by the
French Institute of Petroleum and the French Research Center on
Turbulent Combustion. The temporal integration is achieved with
a classical three-stage Runge–Kutta time-marching technique. A
sixth-order compact scheme31 was implemented for the discretiza-
tion of the convective and viscous terms.

In the series of simulations presented here, the boundary condi-
tions are periodic in the threedirections,and the cross-sectionalsize
of the simulation domain is chosen large enough (typically 4–5b0)
to keep the in� uence of the periodic vortex images at an acceptable
level. As an illustration of the effect of these images, the modi� ca-
tion of the descent speed of the pair, with respect to the case without
images, can be estimated analytically to be about 8%, at � rst order.
Larger dimensions than the ones used here have also been tested in
both directions,27 yielding very similar � ow dynamics.

The discretization in the axial direction of the vortices uses be-
tween 8 and 36 grid points per wavelength of the elliptic instability,
depending on the run. In the transverse directions, the discretiza-
tion is such that there are 15 points inside the vortex core at the
onset of the instability. The maximum local mesh Reynolds num-
ber Reh D .h x jvx j C h y jvy j C hz jvz j/=º, basedon the localmesh size
and velocities, is found to be of the order of 40 before the onset of
the instability, whereas it lies in the range 40–80 during the transi-
tion to turbulence,dependingon the axial discretizationused. Given
that the Kolmogorov dissipation scale corresponds in principle to a
local Reynolds number of order one, the present computationsmay
be quali� ed as slightly underresolved.

The initial condition is obtained by the linear superposition of
two Lamb–Oseen vortices [Eq. (1)]. The conditions are chosen to
be close enough to the experimental values to allow meaningful
comparisons. At the beginning of a run, the nondimensional core
size is set to 0:179. Initially, each vortex adapts itself to the presence
of the otherone, in particularto the strain it experiences.(See Ref. 27
for details.) At the end of the adaptationperiod and at the beginning
of the growth of the elliptic instability, the effective initial core size
is found to be a=b ¼ 0:25. The vorticity contours in Figs. 1b and
1d illustrate the � ow structure at this stage. As for the experimental
visualizations,the vortices have become slightly elliptic.

The Reynolds number is 2:4 £ 103 in all runs. A white noise is
added to the three Cartesian velocity components to trigger the in-
stability.The amplitudeof the noise is set to differentvalues for dif-
ferent simulations, but is always lower than 5 £ 10¡3vÁ;max, where
vÁ;max is the maximum circumferential velocity of one vortex. The
different initial noise amplitudes basicallyonly generate a temporal
shift in the developmentof the elliptic instability in the correspond-
ing simulationsbecausedifferent amountsof energyare initially fed
into the elliptic mode. The results to be presentedare extracted from
different simulations without particular identi� cation of the initial
noise amplitude.

Throughoutthepaper, the results fromexperimentsandnumerical
simulationswill be shown in parallel, presented in a way that allows
a close comparison of the two sets.

III. Elliptic Instability of a Vortex Pair
In this section, we focus exclusively on the elliptic instability

during the different stages of its development. The interaction with
the long-wavelengthCrow5 instability is treated in Sec. IV.



2486 LAPORTE AND LEWEKE

A. Onset and Initial Stages
The onset of the elliptic instability developing in any two-

dimensional elliptical � ow (i.e., a superposition of a solid-body
rotation and a plane stagnation-point� ow with uniform stretching)
has been demonstrated to be due to a resonancebetween the neutral
three-dimensionalperturbationwaves existing in such � ows and the
local strain experienced by the vortex.15¡22 The perturbation � ow
generatedby the instabilityacts principallyin the vicinityof the vor-
tex core. The vortex centers are, therefore, ef� cient markers of the
onset and initial stages of the instability. In particular, the displace-
ment of the center with respect to its unperturbed position gives a
measureof the instabilityamplitudeand, subsequently,of its growth
rate.

We begin with a qualitative description of the initial linear stage
(with exponentialgrowth) of the instability, throughobservationsof
the total perturbed � ow. Figure 2 is a global view of the effect of the
elliptic instability inside the vortex cores. In the experimental visu-
alization, the vortex centers are marked by bright lines of dye. This
line is observedto developa wavydeformation,whosecharacteristic
wavelength clearly scales on the vortex core size (Fig. 2a).

The detailed structure of the instability mode is visible in the
close-up front views in Fig. 3. A cylindrical tube separates two
regions of opposite radial motion in each vortex. The observed tube
is composed of invariant streamlines (zero radial perturbation ve-
locity) in the experiment, whereas it is an invariant tube of axial
vorticity !z in the simulation.The existence of such invariant tubes
has been demonstrated by Leweke and Williamson,23 based on the
work of Waleffe21 on localizedelliptic instabilitymodes. The diam-
eter of the invariant tube of axial vorticity is predicted23 to be about
40% larger than the invariantstreamlinetube. This difference is vis-
ible in Fig. 3, and it is further con� rmed by precise measurements
(Sec. III.B). The two vortices also experiencea remarkable in-phase
axial variation of the elliptic mode. Leweke and Williamson23 have
shownthat theobservedphaserelationis due to a matchingcondition
linking the components of the velocity on both sides and normal to
the median plane separatingthe vortices.The closer the vortices are
(with respect to their core size), the stronger the continuitycondition
imposes itself on the � ow.24 As a consequence,for vortex pairs with
signi� cantly smaller ratios a=b (relevant to aircraft wake vortices),
this conditionmay become too weak to override the initial phase se-
lection by the noise exciting the unstable modes in each vortex. The
phase relation is, therefore, expected to be random in such cases.

a) Experiment (Re = 2.75££ 103, a/b = 0.2, and t¤ = 6.8)

b) DNS (Re = 2.4 ££ 103, a/b = 0.25, and t¤ = 8.8)

Fig. 2 Global view of the elliptic instability mode in its linear regime.

a) Experiment (Re = 2.75££ 103, a/b = 0.2, and t¤ = 6.2)

b) DNS (Re = 2.4 ££ 103 , a/b = 0.25, and t¤ = 10.8)

Fig. 3 Detailed structure of the elliptic instability,which is found to be
cooperative in the present � ow with high a/b.

In the high-(a=b) � ow consideredhere, the phase coupling is ob-
served to occur strongly. The antisymmetric nature (in the sense of
Crow5) of this coupling is well illustrated by the deformations of
the vortex centerlines shown schematically in Fig. 4, where they are
seen from three perpendicular directions. In the experiments, two
simultaneous perpendicular visualizations similar to Fig. 3 were
used to reconstruct the three-dimensional shape of the vortex cen-
ters, whereas in the simulations they were found by determining
the local maxima of vorticity along the z axis. In the front views
(Figs. 4a and 4d), the centers are displaced in phase, whereas in
the side views (Figs. 4b and 4e), the deformations are out of phase.
According to theoretical predictions,18;19;21 the center of rotation of
an elliptical � ow should be shifted in the stretchingdirection of the
local strain. In the present case, the strain in each vortex is induced
by the presence of the other one, and the principal stretching axes
are inclined about §45 deg with respect to the x axis, that is, the
line joining the two initial vortex centers.The views along the z axis
(Figs. 4c and 4f) show that the center deformations lie, indeed, in
planes inclined by these angles and this independentlyof the phase
coupling mentioned earlier.

To complement these observationsmade on the total � ow, some
characteristicsof the perturbation itself are now presented. The ax-
ial vorticity !z of the elliptic perturbation mode can be deduced
from the vorticity of the total � ow shown in Figs. 5a and 5c. With
the vorticity distribution of the (unperturbed)base � ow of the vor-
tex pair being antisymmetric with respect to the plane between the
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a) d)

b) e)

c) f)

Fig. 4 Displacement of the vortex center lines seen from three per-
pendicular directions: a–c) experiment (Re = 2.75 ££ 103 , a/b = 0.2, and
t¤ = 6.8) and d–f) DNS (Re = 2.75 ££ 103 , a/b = 0.2, and t¤ = 6.8).

vortices, and the perturbationbeing symmetric (despite the fact that
the centerline deformations are antisymmetric; see Ref. 23), it is
a simple matter to split the total � ow into these two mutually ex-
clusive parts. The resulting perturbation vorticity in Figs. 5b and
5d shows a characteristic two-lobe structure in each vortex, sur-
rounded by a closed line of vanishing perturbation vorticity. This
correspondsto the locationof the invariantvorticity tubes in Fig. 3b.
The patterns seen in Fig. 5 correspondto an axial locationwhere the
centerline deformation is maximal; they are, of course, modulated
sinusoidallyin the axial directionwith thewavelengthidenti� able in
Fig. 2. The particular shape of the axial vorticity perturbationmode
is in good agreement with the one predicted theoretically18;19;21 for
localized modes of the elliptic instability under the assumption of
small uniformexternalstrain and also with the instabilitymodes cal-
culated for the case of a Lamb–Chaplygin vortex pair (see Refs. 24
and 30).

The azimuthalcomponentof the perturbationvorticity!Á in each
vortex is the same as the one of the total � ow becausethe initial base
� ow possesses only axial vorticity.Figure 6 presents measurements
of !Á in a y–z planecutting throughthecenterof onevortex.The dis-
tribution found in both experiment and calculation is composed of
a three-row checkerboardpattern of opposite-signedvortical struc-
tures, which also closely matches theoretical predictions.21;23

B. Quantitative Results
In the experiments, quantitative measurements were obtained

mainly from � ow visualizations as in Figs. 2a and 3a. The shape
of the vortex centerlinedeformation(see also Fig. 4a) directlygives
the average wavelength of the instability,whereas its amplitude can
be related to the amplitude of the elliptic instability mode,23 whose
evolutionin time givesaccessto the instabilitygrowth rate. In thenu-
merical study, these quantitieswere obtained from one-dimensional
(axial) kinetic energy spectra, calculated using one-dimensional
Fourier transforms.The wave number of the most ampli� ed Fourier
mode gives the axial wavelength and the variation of its amplitude

the correspondinggrowth rate. (See Ref. 27 fordetails.)Incidentally,
this procedure con� rmed that the spatial resolution in the axial di-
rectionwas suf� cientbecauseno energyaccumulationwas observed
at the shortest simulated wavelengths.

1. Wave Numbers
According to theoretical results on elliptic instability in � nite

size domains, the axial instabilitywavelength ¸ scales on the cross-
sectional extent of this region, that is, on the vortex core radius a in
the presentcase. In the experiments,the nondimensionalwave num-
ber ka of the ellipticinstability,with k D 2¼=¸ beingthe dimensional
wave number, is found to be

ka D 1:6 § 0:2 (experimental) (2)

using a value of a measured just after vortex formation. (Experi-
mental error estimates are discussed in detail in Ref. 23.) The di-
mensional wave number k is measured during the linear regime of
the instability. In the simulations, the wave number and the vortex
radius have been measured a � rst time at the onset of the instability,
that is, when the unstable Fourier mode � rst starts growing. The
result is

ka.onset/ D 1:87 § 0:15 (numerical) (3)

which is reasonably close to the experimental value. The error es-
timates here and hereafter take into account the � nite axial grid
spacing used in the calculations and the uncertainty in determin-
ing the core size from the second moment of vorticity. The num-
bers in Eqs. (2) and (3) are quite different from the theoretical
prediction of

ka D 2:26 (theoretical)26 (4)

for an inviscid Gaussian vortex in a uniform external strain � eld.
This is all the more signi� cant because the most unstable wave
numbers are expected to be located in a narrow band around this
value. A second measurement was performed in the simulations
once the exponential growth of the unstable mode had set in, for
example, just after t¤ D 5 in Fig. 7. By this time, the core size a
had increased through viscous diffusion of vorticity, and the wave
number was then found to be

ka.linear/ D 2:35 § 0:19 (numerical) (5)

which is now larger than the theoretical value.
Two observationsmust be takenintoaccountwhen comparingour

resultswith theory.First, the instabilityis triggeredby eitherrandom
background motion (experiment) or by a white noise (DNS). Both
consist of a large number of modes that coexist initially and can
lead, at a given wavelength, to transient behavior before the precise
structure of the � nal unstable mode associatedwith this wavelength
builds up. Second, because of the low Reynolds number and the
relatively small viscous timescale, the base � ow conditions evolve
in time, which means that the mode (wavelength) observed in the
end corresponds to some kind of optimal perturbation, that is, to a
perturbationwhose gain in amplitudeis maximumover the selection
period with changing conditions. This second issue was treated in
detail in Ref. 26. These argumentssuggest that, concerningthe wave
number selection, the comparison of the present results with those
from inviscvid stability theory, which considers a stationary base
� ow, should indeed be made at the time of mode selection, which
lies somewhere between the times associated with the values in
Eqs. (3) and (5). The mean value between them is ka D 2:11, which
is in reasonable agreement with the theoretical value in Eq. (4).

Another possible source of discrepancies between experiment/
simulation and theory may be that the latter considers almost cir-
cular vortices in a uniform external strain, whereas, in the vortex
pair � ow studied here, the strain induced by one vortex on the other
is far from uniform, and each vortex is deformed elliptically. Al-
though a precise analysis of these effects is lacking, note that the
stability analysis in Ref. 24 of a Lamb dipole, that is, a pair of
stronglydeformed counter-rotatingvortices, yields results concern-
ing the most unstable wavelengths that are quite close to the present
measurements.
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a)

b)

c)

d)

Fig. 5 Axial vorticity in a cross-cut plane: a)experiment, total � ow (Re = 2.4 ££ 103, a/b = 0.2, and t¤ = 7.5); b)experiment, perturbation (Re = 2.4 ££ 103,
a/b = 0.2, and t¤ = 7.5); c) DNS, total � ow (Re = 2.4 ££ 103 , a/b = 0.25, and t¤ = 12.1); and d) DNS, perturbation (Re = 2.4 ££ 103 , a/b = 0.25, and t¤ = 12.1).

2. Mode Geometry
As shown in Sec. III.A, the perturbationassociatedwith the ellip-

tic instabilityis characterizedby the existenceof cylindricalsurfaces
(tubes), where either the radial perturbation velocity or the pertur-
bation vorticityvanishes.According to theory,21;23 their diametersd
scale on the instabilitywavelength¸. The invariant streamline tubes
have been observed very clearly in the experiments (Fig. 3a), and
their diameter was found to be

d S=¸ D 0:50 § 0:03 (experimental) (6)

which is very close to the theoretical value

d S=¸ D 0:503 (theoretical21;23) (7)

Similarly, the diameter of the invariant tube of axial vorticity was
measured in the numerical simulations (see Fig. 3b)

dV =¸ D 0:67 § 0:03 (numerical) (8)

to be compared to the prediction

dV =¸ D 0:704 (theoretical21;23) (9)

The overall agreementbetweenthe presentexperimentalandnumer-
icalmeasurementsconcerningthe geometryof the ellipticinstability
mode and the corresponding predictions obtained theoretically for
a more idealized � ow is rather satisfactory.

3. Growth Rates
The growth rate is an important quantity characterizingthe insta-

bility. It is particularly relevant in the context of aircraft wake vor-
tices,where the desireddecay of the initial vortexsystem is strongly
in� uenced by the growth of instabilities. Figure 7 compares mea-
surements of the time-dependentamplitudeof the elliptic instability
mode, obtained from experiment and numerical simulation as ex-
plained at the beginning of this section. For better comparison, the

amplitudes were normalized to be about unity at the start of the
growth; no other adjustment was made. Least-squares � ts to the
linear part of the evolution provide the following nondimensional
growth rates:

¾ ¤ D 0:94 § 0:12 (experimental) (10)

¾ ¤ D 0:95 § 0:30 (numerical) (11)

The nondimensionalgrowth rate is de� ned as ¾ ¤ D ¾ £ 2¼b2
0= 00,

¾ being the dimensional growth rate. The agreement between the
two results, for the growth history in Fig. 7 and the deduced growth
rates, is quite remarkable.

A theoretical prediction for the growth rate can be obtained us-
ing the results of Eloy and Le Dizès26 for an inviscid (Gaussian)
Lamb–Oseen vortex in a uniform strain � eld, and the viscous cor-
rection term givenby Landman and Saffman.20 The nondimensional
theoretical growth rate reads

¾ ¤ D 1:3790 ¡ .8¼=Re/ £ .ka/2
0

¯
.a=b/2

0 (12)

Given a Reynolds number of Re D 2:5 £ 103 and the average values
.ka/0 D 1:7 and .a=b/0 D 0:225 taken from the initial conditions,the
most unstable perturbation is predicted to grow with a rate

¾ ¤ D 0:805 (theoretical) (13)

that is lower than, but still comparable to, the results found in the
present study. This difference is possibly due to the assumption of
uniform external strain in the theory, which is maybe too unrealistic
in the case of high-(a=b) vortex pairs. Note that the numerical sim-
ulations by Billant et al.24 of a (viscous) Lamb–Chaplygin vortex
pair (i.e., a � ow resembling more closely the one investigated here
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a) Experiment (Re = 2.4 ££ 103 , a/b = 0.2, and t¤ = 7.5)

b) DNS (Re = 2.4 ££ 103, a/b = 0.25, and t¤ = 12.1)

Fig. 6 Azimuthal vorticity contours in a vertical plane containing one
vortex centerline.

Fig. 7 Growth of the elliptic mode as obtained from experiments
(circles) and from the simulation; a reference exponential growth with
¾¤ = 0.95 is also plotted.

than the theoretical � ow of Refs. 26 and 20) yield a growth rate
extremely close to the results in Eqs. (10) and (11).

Note that the inviscid growth rate of the elliptic instability [� rst
term on the right-hand side in Eq. (12)], is almost 40% higher
than typical (inviscid) growth rates of the long-wavelength Crow5

instability.
In summary, the quantitative results that can be extracted from

the experiments and numerical simulations concerning the onset

and the linear regime of the short-wave vortex pair instability not
only show very good agreement between themselves, but both also
compare very well to theoretical predictions concerning elliptic
instability.

C. Late Stages and Breakdown
As shown in Fig. 7, the growth of the elliptic instability mode

is exponential during a certain time interval. In this linear regime,
the perturbations are small (compared to the base � ow velocities)
and take the form described in Sec. III.A. At the end of this regime,
the elliptic mode has reached its maximum intensity, and nonlinear
interactions with other modes become important. The energy con-
tained in the ellipticmode is redistributedamong theseother modes,
and the amplitudeof the basicmode in Fig. 7 is, consequently,found
to decrease.

Once the nonlinear regime is reached, the � ow experiences a
transition to a locally turbulent � ow in the following way. As men-
tioned, the elliptic instability evolves in a cooperative way in the
two vortices of the pair due to the large rescaled core size a=b
of the present � ow. Although the perturbations are coupled in this
way, they nevertheless remain mainly located near the vortex cen-
ters during the initial linear growth. At large amplitudes, this leads
to the con� guration in Fig. 5a, where the center of one vortex (the
left one in Fig. 5a) is brought close to the stagnation point existing
at the lower leading edge of the pair and starts to draw opposite-
signed vorticity, which is initially orbiting the other (right) vortex,
over to the left side, that is, the vortices now start to interact more
intensely. This process is modulated in the axial direction with the
wavelengthof the instability,so that, actually, tonguesof � uid cross
over to the other vortex in a periodic interlocking way. The vortic-
ity of these � uid layers, which is originally oriented mainly in the
axial direction, is reoriented and stretched by the stagnation point
� ow at the front of the pair into perpendicularsecondary structures,
which appear as regularlyspaced bridgesbetween the primary axial
vortices in Fig. 8. In fact, these bridges consist of counter-rotating
vortex pairs. Figure 9 schematically summarizes the formation of
these secondary structures; it also shows clearly that two pairs of
secondary vortex pairs are generated for each wavelength of the
primary deformation.

The secondary azimuthal vortices can be identi� ed clearly in
the vertical plane separating the primary vortices. In Fig. 10b, the
x component of the vorticity is plotted in this plane. The pattern
of opposite-signed vorticity corresponds well to the experimental
dye patterns in Fig. 10a. Both show the formation of concentrated
vortices throughthe intensi� cationof this transversevorticityby the
strainat the lower edgeof the pair. This interactionvia the secondary
vortices leads to a strong deformationof the initially rectilinearpri-
mary vortices, which is clearly seen in Fig. 11, showing the � ow at
an advanced stage. The DNS result in Fig. 11b reveals that small-
scale structureshave been generatedfrom the interactionof primary
and secondaryvortices, the latter being wrapped around the former
after their creation. The mixing and associatedgenerationof small-
scale vorticity structurescontinues in the later evolution of the � ow,
leading to turbulence, which is almost homogeneous and isotropic
in the region of the initial pair, as can be shown by velocity spectra
obtained from the numerical simulations. In particular, these results
show that the vorticity magnitude, which is initially axial, is redis-
tributed approximately equally into the three spatial directions.27

The � nal result is that the initial coherent laminar vortex pair has
effectively been destroyed by the strong interaction following the
saturation of the elliptic instability.

A different way of illustrating this destruction of the vortex pair
is to follow the evolution of the mean circulation of each vortex,
the total circulation of the pair always being zero. Figure 12 shows
experimental and numericalmeasurementsof the circulation in one
half-planeof the � ow, for differentaxial locations,as well as axially
averaged. In the experiment, the long-wavelength Crow5 instabil-
ity was almost always developing simultaneously, and the result in
Fig. 12a represents this mixed case. In the DNS, the initial noise
amplitude at the Crow instability wavelength was suf� ciently low
to yield a pure elliptic instability case. (See also the next section.)
Figure 12 shows that the circulationof each vortexstarts to decrease
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a) Experiment (Re ¼ 2.5 ££ 103 and t¤ ¼ 9)

b) DNS (Re = 2.4 ££ 103 and t¤ = 13.9)

Fig. 8 Creation of secondary transverse vortices.

Fig. 9 Schematic top view of the primary vortices deformed by the
elliptic mode (bold lines represent the lines of maximalvorticity) and of
the creation of the secondary transverse vortex pairs; the sense of rota-
tion (ªª) of the primary and secondary vortices, as well as the directions
of � uid extraction (I), are given.

quite dramatically, as soon as the strong interaction via the sec-
ondary structuressets in. This is due to the enhancedcross diffusion
and subsequent annihilation of opposite-signed vorticity from the
two sides of the pair. For the pure elliptic instability (Fig. 12b),
the circulation drops by about 40%. However, when elliptic and
Crow instabilitydevelop simultaneously,both experimentand DNS
show a decrease of more than 80% of the average circulation, and
this takes place over a period of about � ve nondimensional time
units. A phenomenon directly related to this drop in the large-scale

a) Experiment (Re ¼ 2.5 ££ 103 and t¤ ¼ 10), dye visualization

b) DNS (Re = 2.4 ££ 103 and t¤ = 14.8), contours of !x

Fig. 10 Secondary vortices seen in the plane separating the initial vor-
tices.

a) Experiment (Re ¼ 2.5 ££ 103 and t¤ ¼ 8)

b) DNS (Re = 2.4 ££ 103 and t¤ = 13.2)

Fig. 11 Advanced stage of the � ow after elliptic instability saturation
(front view).

circulation is the decrease of the overall descent speed of the pair.
Measurements have shown that the pair can slow down by more
than 70% with respect to its initial speed.23

The results shown in this section show that the � nal stages of a
vortex pair undergoingan elliptic instabilityare quite different from
the caseof a pureCrow5 instability.For the latter, the initial pair ends
up as a series of oscillatinglarge-scalevortex rings, and most of the
energy and initial circulation is still contained in these structures,
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a) Experiment (Re = 2.66££ 103)

b) DNS (Re = 2.4 ££ 103)

Fig. 12 Evolution of the circulation taken at different axial locations
(black) and averaged (gray). Experimental data in a) automatically
accounts for the simultaneous development of the Crow5 and elliptic
modes. The numerical results in panel b show the evolution with the
elliptic instability alone, as well as a case with both instabilities (dot–
dashed curve).

resulting in a practically unchanged descent speed of the system.10

With the elliptic instability, the counter-rotatingvortices are forced
into a strong interaction, leading to an effective redistribution of
the initial energy into a broad spectrum of small-scale motion, a
signi� cant drop in the circulation of each vortex, and a slowing of
the vortex pair descent.

IV. Interaction Between Elliptic
and Crow5 Instabilities

A. Context
In the preceding section, we have mainly treated the special case

of a pure elliptic instabilityactingona laminarvortexpair.However,
in a real � ow, different modes of instability and, in particular, the
long-wavelength Crow5 instability, may also be growing and enter
into competition with the elliptic mode. The amplitudes of these
different modes depend mainly on two parameters: their growth
rate and their initial amplitude. As mentioned earlier, and further
demonstrated in the theoretical work of Widnall et al.6 and Eloy
and Le Dizès,26 the growth rate of the elliptic instability is larger
than the one of the Crow5 instability for the type of vortex pair
� ows studied in the present paper (a=b D 0:2–0.25). This has also
been observed by Billant et al.24 for the case of a Lamb–Chaplygin
vortex pair. Where the initial mode amplitudes are concerned, they
depend on the residual backgroundnoise present in the � ow, or the
turbulent motion surrounding the vortex pair in a real atmospheric
environment, and, in particular, on the spectral distribution of this
noise.

In the experiments described in this paper, the background noise
was random and its precise characteristics not known. As a conse-

quence, the observed long-term evolution of the � ow was found to
vary from one experiment to another, even under otherwise identi-
cal conditions(Reynoldsnumber, vortex generator motion, temper-
ature, etc.). Varying relative amplitudes of the elliptic and Crow5

modes were found, leading to slightly different decay scenarios. In
fact, although both instabilities initially develop independently, a
certain degree of interaction always appears, in particular during
the later stages, as will be illustrated hereafter.

On the other hand, in the numerical study, the initial noise dis-
tribution could be very well controlled, and the observed � ow evo-
lution could be linked precisely to the initial condition. A useful
control parameter for the present case can be de� ned as the ratio
r D Eke =Ekc , where Eke (Ekc ) is the initial kinetic energy of the
Fourier mode corresponding to the elliptic (Crow5) instability. In
the numericalsimulations,this parametercouldbe variedby adding,
in addition to the white noise, a perturbation consisting of a sinu-
ous deformationof the vortex centerlines,with an axial wavelength
matching the most unstable Crow instability mode in the particu-
lar � ow con� guration (given, for example, by Widnall et al.6). This
additional perturbation was observed to have initially no in� uence
in the range of wavelengths of the elliptic instability.27 To illustrate
the meaning of the parameter r , one may consider the case of ho-
mogeneous isotropic turbulence, with an energy distribution given
by Ek » k¡5=3. For a wave number ratio ke=kc D 22/3, which is rep-
resentativeof the experimentsand calculationsshown in this paper,
one � nds r D 3:9 £ 10¡2. The low relative initial energy of the ellip-
tic mode could be one of the reasons for the elliptic instability not
being observed clearly in real aircraft trailing vortices so far. (See
also discussion in Sec. V.)

B. Possible Evolutions
Variation of the parameter r in the numerical simulations has al-

lowed reproduction of the different long-term evolutions observed
in the experiments, thus demonstrating the importance of initial
conditions on the development of the vortex pair � ow subject to
two distinct instabilities. Section III has treated the case of a pure
elliptic instability, excited by white noise, for which r D 1. (Actu-
ally, very similar behavior was observed in the simulations for all
r ¸ 5 £ 10¡2.) In the following, two other cases will be discussed:
onewherebothmodes appearto be equally important(r ’ 9 £ 10¡3)
and a second one with a dominant Crow5 mode (r ’ 3:5 £ 10¡3).

Figure 13 presents experimental and numerical visualizationsof
the � ow in these two cases, at an early stage of the interaction
between the two instabilities. Both modes are clearly visible, and
the developmentof the two instabilities is only slightlydifferent for
the two cases at this time. One common feature is the modulationof
the elliptic instability by the Crow5 mode. An ampli� cation of the
former occurs at the locations where the vortices are brought close
together by the latter. At these axial positions, the growth rate is
found to be larger than in the case of the elliptic instability alone,27

an increasethat canbe as large as 45%with respectto the growthrate
obtained without Crow5 instability. At this early stage, the reverse
actionof the elliptic mode on the Crow instabilityseems to be weak.

At a later stage, a varietyof possibleevolutionsexists.For large r ,
the ellipticinstabilityevolvesalone, leadingto the relativelyuniform
(in the axial direction)breakdownof the pair shown in Fig. 11. In the
opposite case, for vanishing r and dominant Crow5 instability, the
� ow evolves toward the well-known formation of periodic vortex
rings througha reconnectionprocess,as shown in Figs. 14b and 14d.
For intermediater , the structureof the � ow is more complexbecause
at the locations where the Crow mode attempts to reconnect, the
elliptic instability is ampli� ed and may lead to a local breakdown.
The vortex reconnection is, therefore, more or less signi� cantly
perturbed, as can be seen in Fig. 14. In the intermediate case, the
rings that are formed just after the instantcorrespondingto Figs. 14a
and 14c are strongly affected by the development of the elliptic
mode. They are no longer composed of a single smooth ring, but
of many distorted vortical structures that globally form a ringlike
structure. This is the case corresponding to the strongest decrease
in the average circulation and descent speed discussed in Sec. III.C
(Fig. 12). Even in � ows with dominant Crow instability (Figs. 14b
and 14d), the late stages are modi� ed by the growth of the elliptic
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a) c)

b) d)

Fig. 13 Early stages of the interaction between elliptic and Crow5 instabilities: a and c) intermediate case (r ¼ 9 ££ 10¡3 ) and b and d) dominant
Crow mode (r ¼ 3:5 ££ 10¡3).

a) c)

b) d)

Fig. 14 Late stages of the interaction between both instabilities: a and c) r ¼ 9 ££ 10¡3 and b and d) r ¼ 2 ££ 10¡3 .

Front view Side view

Front view Side view

Fig. 15 Detail of the reconnection mechanism for the case of dominant Crow5 mode (r ¼ 2 ££ 10¡3).

mode, resulting in irregular structures between the coherent large-
scale vortex rings. Figure 15 shows a close-up visualization of this
region from two perpendicular view directions. The wavelength of
the elliptic perturbationcan clearly be distinguishedat both ends of
the reconnection region.

The agreementbetweenexperimentalobservationsand the results
from numerical simulations with different values of the parame-
ter r , characterizing the initial energy distribution, is very good.
The results shown in this section demonstrate that the simultaneous

development of the short-wavelength elliptic instability and the
long-wavelengthCrow5 instability can lead to quite different long-
term evolutions of the vortex-pair � ow, depending on the spectrum
of residual noise or surrounding turbulence present in the � ow.

V. Comments on the Relevance to Real Aircraft Wakes
The decay characteristics described in the preceding sections

could be of great interest in the context of aircraft wakes, where
the principal problem is linked to the long lifespan of the wake
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vortices. This problem is of particular importance near airports,
speci� cally concerning aircraft in takeoff and landing phases, in
which the aircraft wings are in high-lift con� gurations, with � aps
and slats deployed.

Besides the � ow considered here being a simpli� ed model of
the � ow far downstream of an aircraft, without taking into account
effects like external turbulence or strati� cation, the major differ-
ences between the present vortex pairs and real wake vortices con-
cerns the Reynolds number and the nondimensional ratio a=b.

The effect of Reynolds number is expected to be small, in� uenc-
ing mainly the value of the growth rate. This has been con� rmed in
Ref. 32, where large-eddy simulations with a base � ow of similar
a=b, but realistic Reynolds numbers of the order of 107, were per-
formed. It was also found that, in addition to the larger growth rates
obtained in these simulations, the dynamics remained similar to the
low Reynolds number experiments and simulations. In particular,
the same transition mechanisms have been found to occur at these
large Reynolds numbers.

In the present study, we consider � ows with a=b ¼ 0:2–0.25,
whereas this ratio is of the order of a=b ¼ 0:05 for real wakes
downstream of an aircraft in high-lift con� guration.33 (This value
has been obtained for an aircraft equipped with a single � ap, for
which each vortex of the counter-rotatingpair remaining in the far-
� eld results from the merging of the wing tip and the outboard
� ap vortices.) This large difference in the ratio a=b implies a much
largerdifferencein the wavelengthsof the ellipticinstability(scaling
on a) and the Crow5 instability (scaling on b). On the one hand, if
one considers an atmospheric environment of approximately ho-
mogeneous isotropic turbulence, this scale separation results in an
energy distribution that is even less favorable for the development
of the elliptic instability than for the present � ow, as discussedat the
end of Sec. IV.A. On the other hand, in a recent weakly nonlinear
analysisof such � ows, Sipp34 has shown that low a=b would lead to
alternating cycles of increase and decrease, with only a small max-
imum amplitude of the elliptic mode and no breakdown. However,
Kerswell35 had shown earlier that, even for small amplitudes, the
elliptic mode can undergo secondary instabilities by exciting the
growth of other normally neutral inertial-wave (or Kelvin) modes
of the vortex, modes that were excluded from the start in Sipp’s34

study. These secondary instabilities, and further nonlinear interac-
tions between more and more modes could then possibly still lead
to a breakdown of the � ow into small-scale turbulence.The charac-
teristic timescale for this breakdown is nevertheless expected to be
quite long, and other decay mechanisms, such as decay induced by
atmospheric turbulence, would most likely dominate this process.

Other important differences,e.g., vorticitypro� les different from
Gaussian distributions or the presence of axial � ow in the vortex
cores in real aircraft trailingwakes, may have a signi� cant in� uence
on the development of the elliptic instability.

From these arguments, it is not surprising that, to the authors’
knowledge, the elliptic instability has not been observed in real
aircraft wakes because the conditions, in particular concerning the
rescaledcore size, are too far from the ones in the presentstudy. In a
recentpaperby RossowandJames,36 thepresenceof circumferential
striations correspondingto eddies aligned around the outside of the
wake condensation cloud was observed. These eddies are formed
early in the wake history. Such eddies are also formed in the � ow
considered here during and after the transition regime; they result
from the transverse vortices that lead to the complete decay of the
primary vortex pair (Fig. 8). Even if the scales and circumstancesof
the present � ow are quite different from the ones in aircraftwakes, it
was argued by Rossow and James that the observed eddies could be
a result of the elliptic instability.Becauseof the much smallera=b in
aircraft wakes, this seems to be quite unlikely, as discussed earlier.
The observed eddies are believed to be formed by the action of the
counter-rotatingvortex pair on the external surroundingturbulence.
As discussed in Ref. 27, the late stages of the elliptic instability are
similar to the evolution of a vortex pair in a turbulent atmosphere,
includingthe existenceof transversevortices.The numericalstudies
of Risso et al.37 and Moet et al.38 describe in detail the mechanism
of eddy formation along the streamlines of the vortex pair � ow in
the vicinity of the hyperbolic stagnation points.

Despite all of this, it seems quite obvious that the interaction be-
tween real aircraftwake vorticesleadingto the rapiddecaydescribed
in Sec. III.C may occur if the relative core size a=b can be increased
in the far � eld to a value of the order of 0.2. Efforts could be di-
rected toward such an increase, for example, by redistributing the
wing load of a given aircraft to diminish the vortex spacing, and/or
by increasing the vortex core radius by active or passive methods.
Counter-rotatingvortices with large relative core sizes exist already
behind aircraft equipped with split � aps. In such con� gurations,
opposite-signedvortices with potentially different vortex radii and
circulations are shed by the inboard and outboard � ap edges. The
present results may be relevant to such existing situations.

VI. Summary
We have presented a direct comparison between results from

an experimental study and DNS calculations of a laminar pair of
closely spaced counter-rotating vortices at low Reynolds number
undergoingthe short-wavelengthelliptic instability.Excellent qual-
itative and quantitative agreement was found concerning the ini-
tial stages of the instability (spatial structure of the unstable mode,
wavelengths, and growth rates), as well as the different types of
long-term evolution, depending on different degrees of interaction
with the long-wavelengthCrow5 instabilitythat is alsopresentin this
type of � ow. The parameter governing this interactionhas also been
clearly identi� ed; it involves the initial energy distribution among
the different wavelengths.

A remarkable feature of the nonlinear regime of the elliptic in-
stability is that it causes a strong exchange between the two initial
vortices through the formation of perpendicular secondary vortex
pairs. This leads to a sudden breakdown of the � ow into small-scale
turbulentmotion, accompaniedby a sharp drop in the circulationof
each initial vortex due to the enhanced cross diffusion of vorticity
and a signi� cant decrease in the vortex pair descent speed. These
effects are found to be even strongerwhen the elliptic instability in-
teractswith a simultaneouslydevelopingCrow5 instability,a feature
that could be relevant for the problem of aircraft trailing wakes.

Acknowledgments
The experimentswereperformedin the Fluid DynamicsResearch

Laboratory of Charles Williamson at Cornell University. The com-
putational work was carried out under the direction of Alexandre
Corjon at the European Center for Research and Advanced Train-
ing in Scienti� c Computation in Toulouse, France. We express our
gratitude to both for the opportunity to carry out this work and for
invaluable support.

References
1The Characterization and Modi�cation of Wakes from Lifting Vehicles

in Fluids, Vol. 584, CP, AGARD, 1996.
2Spalart, P. R., “Airplane Trailing Vortices,” Annual Review of Fluid Me-

chanics, Vol. 30, 1998, pp. 107–138.
3Rossow, V. J., “Lift-Generated Vortex Wakes of SubsonicTransport Air-

craft,” Progress in Aerospace Sciences, Vol. 35, No. 6, 1999, pp. 507–660.
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